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We finished discussion of the motion of the Foucault pendulum.  Defining the constants 
𝜔0
2 ≡ 𝑔/𝐿, and Ω𝑧 ≡ Ωcos 𝜃, we get two coupled equations of motion: 

  𝑥̈ − 2𝑦̇Ω𝑧 + 𝜔0
2𝑥 = 0 

  𝑦̈ + 2𝑥̇Ω𝑧 + 𝜔0
2𝑦 = 0 

These can be combined in a manner similar to the equations for motion of a charged 
particle in a magnetic field.  Take the first equation plus “i” times the second equation, and 
define the new dependent complex variable 𝜂(𝑡) ≡ 𝑥(𝑡) + 𝑖𝑦(𝑡) to get a single equation: 
𝜂̈ + 𝑖2𝜂̇Ω𝑧 + 𝜔0

2𝜂 = 0.  Trying a solution of the form 𝜂(𝑡) = 𝑒−𝑖𝛼𝑡, we get an auxiliary 
equation with solutions 𝛼 = Ω𝑧 ± �𝜔02 + 𝜔Ω𝑧2.  Using the fact that the pendulum oscillates 
many times compared to the rotation period of the Earth (i.e. 𝜔0 ≫ Ω𝑧) we come to the 
solution 𝜂(𝑡) = 𝑒−𝑖Ω𝑧𝑡�𝐶1𝑒−𝑖𝜔0𝑡 + 𝐶2𝑒+𝑖𝜔0𝑡�.  To supply initial conditions, consider pulling 
the pendulum bob to a displacement 𝐴 in the east (𝑥) direction (𝑦 = 0) and release it from 
rest.  In this case one finds 𝐶1 = 𝐶2 = 𝐴/2, and the solution is 𝜂(𝑡) = 𝐴𝑒−𝑖Ω𝑧𝑡 cos(𝜔0𝑡).  
Taking the real and imaginary parts to get the actual equations of motion in real space gives 
𝑥(𝑡) = 𝐴 cos(Ω𝑧𝑡) cos(𝜔0𝑡) and 𝑦(𝑡) = −𝐴 sin(Ω𝑧𝑡) cos(𝜔0𝑡).  The pendulum swings 
back and forth on a short time scale, described by the factor of cos(𝜔0𝑡).  On longer time 
scales, the plane of oscillation rotates, as described by the factors of  cos(Ω𝑧𝑡) and 
− sin(Ω𝑧𝑡), with 𝜔0 ≫ Ω𝑧.  This slow rotation of the plane of oscillation occurs at a 
frequency that depends on your (co-)latitude on the Earth Ω𝑧 ≡ Ωcos 𝜃, where the rotation 
frequency of the Earth is Ω = 7 × 10−5 Rads/s. 
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